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Abstract—A new hyperchaotic system has been proposed recently. It is generated by control-
ling a unified chaotic system to hyperchaotic via a simple technique using a sinusoidal parameter
perturbation control input. In this paper, we further investigate its dynamical behaviors, its circuit
implementation and its impulsive control. Different chaotic attractors are illustrated by both numer-
ical simulations and electronic experiments. It is also shown that the new hyperchaotic system can
be stabilized by impulsive control. (€ 2005 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

Hyperchaotic system is usually classified as a chaotic system with more than one positive Lya-
punov exponent, indicating that the chaotic dynamics of the system are expanded in more than
one direction giving rise to a more complex attractor. Hyperchaotic Chua’s circuit [1,2] and
Rossler system [3] are two well known examples of hyperchaotic models.
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Chaos and hyperchaos have been studied with increasing interest in recent years, in the fields
of nonlinear circuits [4], secure communications [5,6], lasers [7], Colpitts oscillators {8], con-
trol {9,10], and synchronization [11,12]. Due to its great potential in applications, the generation
of hyperchaos in circuits has become a focused topic for research [1,2,4,13,14]. Creating a hyper-
chaotic attractor, in particular, purposefully design a hyperchaotic system based on an originally
chaotic but nonhyperchaotic system by a simple means, is a theoretically very attractive and yet
technically quite challenging problem.

Quite recently, a new hyperchaotic system is presented in [13], which is generated by control-
ling a unified chaotic system to hyperchaotic via a simple technique using a sinusoidal parameter
perturbation control input. The original chaotic system is a three-dimensional autonomous sys-
tem that has a broad spectrum of chaotic behaviors with the Lorenz and the Chen systems as
two extremes of the spectrum [15]. The control input is a simple sinusoidal function cos(wt)
with a constant parameter w. In this paper, we further investigate its dynamical behaviors, its
circuit implementation and its impulsive control. The organization of the paper is as follows. In
Section 2, we discuss the special features of the new hyperchaotic system and its circuit implemen-
tation. Different chaotic attractors are illustrated by both numerical simulations and electronic
experiments. Then we explore, in Section 3, some of the basic dynamical properties of the system.
Impulsive control is considered in Section 4, where it is shown that the new hyperchaotic system
can be stabilized by impulsive control.

2. THE HYPERCHAOTIC UNIFIED SYSTEM

2.1. Some Special Features of the New Hyperchaotic System

The hyperchaotic unified system was presented in [13], which is described as follows,

z = (25 —10cos (wt)) (y — z),
7 = (17.5cos (wt) + 10.5) =
— 22+ (13.3 — 14 cos (wi)) y, (1)

z=IYy — =%,

3
where the control function a = cos(wt) € [—1,1]. This system can be generalized in the following

form,
a1 a2 O T 0 0 0

T T
g| =|aza ax 0 y|+z |0 0 =1] y], (2)
z 0 0 ass z 01 0 z

where a;; = —(25 — 10a), a;a = (25 — 10a), ag; = (17.5a + 10.5), age = (13.3 — 14a), and

azs3 = —8/3
System (1) has the following special features.

(i) The system presents a simple technique using a sinusoidal parameter perturbation control
input to drive a unified chaotic system to hyperchaotic.

(ii} The original chaotic system is a three-dimensional autonomous system that has a broad
spectrum of chaotic behaviors with the Lorenz and the Chen systems as two extremes of
the spectrum.

(iii) The control input is a simple sinusoidal function cos{wt) with a constant parameter w.

(iv) The system is a hyperchaotic system when w € [0.55,6.33]. With w = 3, the hyperchaotic
attractors are shown in Figure 1.

(v) From the bifurcation analysis of the system [13,16], we observed that the transition from
chaos to hyperchaos is soft and continuous.
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Figure 1. Phase portraits of the hyperchaotic system (1) with w = 3.
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Figure 2. Phase portraits of system (1).

(vi) According to the criterion of Vandgek and Celikovsky [17], when

ve[L(m-3) (1) @ 3)].

and n is an integer, system (1) is a generalized Lorenz system, with an attractor as shown
in Figure 2a, when ¢ € [(1/w)(2n7 + 7/2), (1/w)(2n7 + 37/2)] and n is an integer, system
(1) is a generalized Chen system, with an attractor as shown in Figure 2b.

2.2. Circuit Implementation of System (1)

The hyperchaotic system (1), has also been confirmed by electronic circuit experiment [13],
as shown in Figure 3. The occurrence of the hyperchaotic attractor can be obtained, as shown
in Figures 4a—4h. The operational amplifiers perform the operations of addition, subtraction,
and integration. The nonlinear terms in the equation are implemented mainly with the analog
multipliers.
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Figure 3. Circuitry realization of the unified hyperchaotic system (3). Resisters
(kQ): R3, R4, R5, R6, R9, R10, R11, R12, R18, R19, R20, R21, R23, R28, R29,
R31 =10, Rl =2, R2=6.99, R7, R14, R15, R22, R27 = 1, R8 = 14.29, R13 = 3.80,
R16 = 36.3, R17 = 59.2, R24 = 3.3, R25 = 1.487, R26 = 0.172, R30 = 0.288;
Capacitors (nF): Cy, Co, C3 = 1. Op-Amps (1) (12): TL084; Multipliers: AD633.

3. BASIC DYNAMICAL BEHAVIORS OF
THE HYPERCHAOTIC UNIFIED SYSTEM

3.1. Symmetry and Invariance

First, note the invariance of the system under the transformation (z,y, z) — (—z, -y, 2), i.e.,
under reflection in the z-axis. The symmetry persists for all values of the system parameters.
Also, it is clear that the z-axis itself is an orbit, ie., if z =y =0 at t =0, then z =y = 0, for
all t > 0. Moreover, the orbit on the z-axis tends to the origin as t — oo.

3.2, Dissipativity and the Existence of Attractor

We notice that

IV - oz 4 Oy n 0z _43.144cos (wt)

oz tay T 3 <0

So, with a = cos(wt) € [—1, 1], system (1) is dissipative, with an exponential contraction rate,

dv 43.1 4+ 4a
v (s

That is, a volume element V; is contracted by the flow into a volume element Vye~ (43-1+4a/3)t jpy
time t. This means that each volume containing the system trajectory shrinks to zero as t — oo
at an exponential rate —(43.1 4+ 4a/3). Therefore, all system orbits are ultimately confined to a
specific subset having zero volume and the asymptotic motion settles onto an attractor.

3.3. Equilibria and Stability

The equilibria of system (1) can be obtained by making the vector field of (1) zero, which leads
to

(25 — 10cos (wt)) (y — z) =0,
(17.5 cos (wt) +10.5) x — zz + (13.3 —~ 14 cos (wt))y = 0,
zy —8/3z2=0.
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(2) (h)

Phase portraits of the unified chaotic system (1) measured with the experimental
setup in the z — z plane: (a) Lorenz-like attractor; (b) Chen-like attractor: (c) Lii-
like attractor; (d)—(h): transition process. The scales of both vertical and horizontal
axes are 0.2 V/div. The supplies of all active devices are £14 volts. The frequency
of controlling signal is 0.5 Hz.
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Figure 5. The equilibria St of system (1).
Obviously, system (1) has three equilibria,

000)

< —=(23.8 4+ 3.5cos (wt)),

q— \/g 238+35cos(wt)),(23.8+3.500s(wt))>,

oo

Sy (\/— (23.8 + 3.5 cos (wt)),
In which two equilibria, S_ and S, are symmetrically placed with respect to the z-axis, as shown
in Figure 5.

OJ

C»DIOO

(23.8 + 3.5 cos (wt)), (23.8 + 3.5 cos (wt))> .

Let us now study their stability, i.e., the nature of the eigenspaces presented in the neighbor-
hood of each equilibrium point. The Jacobian matrix for system (1) can be written as

— (25 — 10 cos (wt)) (25 — 10 cos (wt)) 0
J = | (175cos (wt)+10.5) —z (13.3— ldcos(wt)) -z |. (3)
J] x —8/3

THEOREM 1. In system (1), the three equilibrium Sy, S_, Sy are saddle point in the three-
dimensional phase space for all cos(wt) € [—1,1].
Proor.

(i) Linearizing system (1) about the equilibrium Sy yields an eigenvalue A\; = —8/3 along
with the following characteristic equation,

F(A) =A% + (14 cos (wt) — 13.3) A
—(23.8 + 3.5 cos (wt)) (25 — 10 cos (wt)) (4)
=0
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Its other two eigenvalue are

Ap = % ((13.3 — 14 cos (wt))

+\/(13.3 — 14 cos (wt))? + 4 (23.8 + 3.5 cos (wt)) (25 — 10 cos (wt))) )

Az = % ((13.3 — 14 cos (wt))

—1/(13.3 — 14.cos (wt))* + 4 (238 + 3.5 cos (wt)) (25 — 10cos (wt))> ,

respectively, satisfying A; < 0, A2 > 0, and Az < 0. So, the equilibrium Sy is a saddle
point in the three-dimensional phase space.

(ii) Linearizing system (1) about the other two equilibria, Si, yields the following character-
istic equation:

F) =X+ (4371 +4cos (wt)) A2

+ (% + 20 cos (wt)) A

+ ? (25 — 10 cos (wt)) (23.8 + 3.5 cos (wt))

=0.

Thus, the two equilibrium, S, have the same stability property.

Let
Gg = 1)
43.1
ap = —— + 4 cos (wt)
284
ay = —= + 20 cos (wt) |
16

a3 = & (25 — 10cos (wt)) (23.8 + 3.5 cos (wt)) .
We observed that
ap > 0, a; >0, az > 0, aq > 0.

While
a1a9 — ag = (% + 4 cos (wt)) (% + 20 cos (wt)>
16
-5 (25 — 10 cos (wt)) (23.8 + 3.5 cos (wt))
= —320a® — 410a — 5440

< 0.

According to the Routh-Hurwitz conditions, the other two equilibrium Si are both saddle
points in the three-dimensional phase space.
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THEOREM 2. In system (1), the Jacobian at S1 has a real eigenvalue, Ag < 0, and a complex-
conjugate pair of eigenvalues, (Ac)1 = o £ i, where |Ar| > o > 0.
ProOF. From (5), let

43.1
A= (T +4cos (wt)) >0,

B = (% + 20 cos (wt)) > 0,

C= 1?6 (25 — 10 cos (wt)) (23.8 + 3.5 cos (wt)) > 0.

Then, we can determine the exact values of the eigenvalues by setting A = —A/3 + A in (5).
This yields
F)=A"+PA+Q,
where P = —A%/3+ B and Q = 243%/27 - AB/3 + C.

This third-order polynomial in A can be solved by using the Cardan formula, where one may
set

A =4P3 +27Q%
Obviously,
A2
P= Y +B
_9(284 + 60 cos (wt)) — (43.1 + 12 cos (wt))®
B 27
>0
and
243 AB
=3
2 /431 ¥ (43.1/3 t 0 t
_ 2 (8L es(et)) — (43.1/3 4+ 4 cos (wt)) (284/3 + 20 cos (wt))
27 3 3
16
+ T (25 — 10 cos (wt)) (23.8 + 3.5 cos (wt))
> 0.
So that
A =4P%+27Q% > 0.
Consequently, (5) has a unique real eigenvalue,
A
AR = -3t Agr
1/3 1/3
A (e, @ P\ (e [@ P
T 4 27 2 4 27 (6)
1/3 1/3
A (e, [N (e [&
-3 2 4 x 27 2 4 % 27 ’
along with two complex complex conjugate eigenvalues,
(Ac)i =0t ’QZJZ
A
=3 ol ™)

A Mg i ;
=S -SFes/aP+3ar)’,

where 0 = —A/3 — Ag/2, v = +(1/2)\/4P +3(AR)?. In (6), A >0, Q > 0, and A > 0, so
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Arp<0,0=A/3—-Ar/2>0.
Since Agp + 20 = —A, and Agp < 0, ¢ > 0, we have |Ag| — 20 = A > 0. The characteristic
eigenvalues of the two equalibria satisfy the Shilnikov inequalities [11], that is,

Aro <0 and |[Ar| > o > 0.

Therefore, the two equalibria are all saddle-foci with an instability index of two, and the negative
real eigenvalue is associated with a one-dimensional stable manifold, whereas both complex con-
jugate eigenvalues, with a two-dimensional unstable manifold in which trajectories are spiraling
outwards.

4. IMPULSIVE CONTROL

We shall establish, in this section, some sufficient conditions to stabilize the hyperchaotic
system (2) by impulsive control. Let u = [#v 2], and u(t) be a solution of system (2). An
impulsive control law of (2) is given by a sequence {tx, Bru(ty)}, where

0<t) <tg <o <t Ctpgp <o 00 tr — +o00, ask — +oo

and each By is a 3 x 3 constant matrix. It works as follows. Let u(t) = u(t,to,uo) be a solution
of system (2) starting at (fo,uo). The point P;(t,u(t)) begins its motion from the initial point
P, (to, uo) and moves along the curve [(t,u);t > to,u = u(t)] until the time t; > to at which the
point P, (t1,u(t1)) is transferred immediately to Pt1+ (t1,ul), where uj = u(t;) + Byu(t1). Then,
the point P, continues to move further along the curve with u(t) = u(t,t1,w]) until it triggers
a second transfer at t3 > t;. Once again, the point P, (f2,u(t2)) is mapped into the point
Py (t2,u(td)), where uJ = u(ts) + Bou(ta). As before, the point P; continues to move forward
with u(t) = u(t, t2,u3) as the solution of (2) starting at (f2,u3). Clearly, this process continues
as long as the solution of (2) exists and it results in a piecewise-continuous trajectory w(t), which
satisfies the following impulsive system of differential equations,

1= A Bu
U (t) u + zBu, t# ty, 8)

u (tf) —u(te) = Bru (), t = ti,
where
a;i1 a2 O 0 0 O
A(t)=|aan an 0 |, B=|0 0 -1],
0 0 oas 0 1 0

u(tf) = limt_)tt u(t), By is the impulsive control matrix, k =1,2,....

Let Ag = t, —tx_1, and B be the largest eigenvalue of (I 4+ Bi)" (I + Bi), forall k =1,2,....
For t € [0, +00), let a(t) be the largest eigenvalue of A(t)T + A(t). Since A(t) is periodic, it follows
that maxe(o,+00){(t)} exits. Let amax = maX;e[o, 4o00){(t)}. Then we have the following result.

THEOREM 3. For the controlled system (8), assume that there exist positive constants | and 7,
such that for k=1,2,...,

Ap <1

and
ln/Bk + Ak (amax + 77) S 0. (9)

Then, the controlled system (8) is globally exponentially stable.
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PROOF. Choose the Lyapunov function V(u) = u"u and let v(t) = V(u(t)), t € Ry. Then, for

t € (tk—1,tk), we have

o (t) = (u’)Tu +ulu

:(A()u+:l:Bu(t))T
(t)u + zBu)

w4 zu'BTu

u' (4
= uTA (t)
tYu+zu’
H' +A()

u' A
(A<
(BT +B)

+ zu

(7

Bu

u

. (A Ol +A(t)) u

+ 2z (yz — y=2)

—uT (A )7 + 4 (t)) u

Since A(t)T + A(t) is a symmetric matrix, we have
" (A ) + A (t)) u<at)

where a(t) is the the largest eigenvalue of A(t)T + A(t).
Thus,

o (t) <a(t)v(t)

< OmaxV (t) ) te (tk—

where apmay = maX¢e[0,+00) {a(t)}
So,

v(t) <o (tf_ ) emm=x(=ti-n) 0t e

When t = t;, we have

v () = u(td) " u(t)

u'u,

I?tk') ’

(tr—1,tk) - (10)

= (I +Bi)u(tx)) " (I + Bi)u(te))
=u(ty) (I +Bp)" (I+Bi)u(ty).

Since (I + By)T (I + By,) is a symmetrical matrix, we have

w(te)' (14 Bi)" (I+ Br)ulte) < Bru(te) u(te),

which implies

v (65) < o (t). an
By inequalities (11),(13), we get
v (t5) < Brv (k)
< /Bkeamax(tk_tk—l)lu (’5:_1)
= fretm=hy ()
a A 2 A + (12)
< (B (Bereomrier) o ()

S (ﬂkeamaxAk) (ﬂk_leamaxAk—l) L.

(Bre®m=21)w (tf) .



1370 Yuxia L1 et al.

(¢) y— =

Figure 6. Phase portraits of controlled system (8).
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This, together with condition (9), implies, for ¢ € (tx—1,tx),

v(t) < eOmax(t=tk—1) (ﬁk,lea"‘“"é"““l) ... (ﬂlea"‘a"Al) v (ta')

< e(amax-i-n)(f—tk—1)e—n(t—tk—1)e—77ﬁk—1 L ey, (tg-)

S e(amax'f"ﬂ)le_ﬁ(t_to)v (t?)—) .

Let M > 0, such that
elamax+ml _ pr2

Then, we get by (13),
lu(@®)ff < Me V21 lugl|, ¢ > to. (14)

Therefore, the controlled system (8) is globally exponentially stable.

Next, by impulsive control, some numerical simulations for controlled chaos system (8) are
obtained. The system parameters are chose as follows, W = 1, the impulsive control matrix
B = —2/31, and the impulsive time intervals Ay = 0.03, for all k = 1,2, .... By computing, we
have

Omax = 60.6028, B =

NeJ o]

So for n = 12.64,
lnIBk + Ak (amax + n) S 0.

By Theorem 3, the controlled system is globally exponentially stable. The phase portraits are
shown in Figure 6. The state orbits of the system are depicted in Figure 7.

In addition, we choose constant 7 = 3.51. By inequality (9), the system is globally exponentially
stable, if 8y and Ay satisfy that Bye®m==2% < e~ as shown in Figure 8.

Bk is relevant with the magnitude of the impulsive. Assume By = —Ail (A > 0), where A
denote the magnitude of the impulsive. We have

B = (1- )%

Then

)

(1 — Ak)z eamaxAk S 6—77‘
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The portrait of A\ and A is shown in Figure 9.
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