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A b s t r a c t - - A  new hyperchaotic system has been proposed recently. It is generated by control- 
ling a unified chaotic system to hyperchaotic via a simple technique using a sinusoidal parameter 
perturbat ion control input. In this paper, we further investigate its dynamical behaviors, its circuit 
implementat ion and its impulsive control. Different chaotic a t t ractors  are il lustrated by bo th  numer- 
ical simulations and electronic experiments. It is also shown tha t  the  new hyperchaotic system can 
be stabilized by impulsive control. @ 2005 Elsevier Ltd. All rights reserved. 

K e y w o r d s - - H y p e r c h a o t i c  system, Chaotic at tractor,  Impulsive control. 

1. I N T R O D U C T I O N  

Hyperchaotic system is usually classified as a chaotic system with more than  one positive Lya- 
punov exponent, indicating tha t  the chaotic dynamics of the system are expanded in more than  
one direction giving rise to a more complex at tractor.  Hyperchaotic  Chua 's  circuit [1,2] and 
Rossler system [3] are two well known examples of hyperchaotic models. 
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Chaos and hyperchaos have been studied with increasing interest in recent years, in the fields 

of nonlinear circuits [4], secure communications [5,6], lasers [7], Colpitts oscillators [8], con- 
trol [9,10], and synchronization [11,12]. Due to its great potential  in applications, the generation 
of hyperchaos in circuits has become a focused topic for research [1,2,4,13,14]. Creating a hyper- 
chaotic at tractor ,  in particular, purposefully design a hyperchaotic system based on an originally 

chaotic but nonhyperchaotic system by a simple means, is a theoretically very at tract ive and yet 

technically quite challenging problem. 

Quite recently, a new hyperchaotic system is presented in [13], which is generated by control- 
ling a unified chaotic system to hyperchaotic via a simple technique using a sinusoidal parameter  
per turbat ion control input. The original chaotic system is a three-dimensional autonomous sys- 

tem tha t  has a broad spectrum of chaotic behaviors with the Lorenz and the Chen systems as 
two extremes of the spectrum [15]. The control input is a simple sinusoidal function cos(a~t) 

with a constant parameter  a~. In this paper, we further investigate its dynamical  behaviors, its 

circuit implementat ion and its impulsive control. The organization of the paper  is as follows. In 
Section 2, we discuss the special features of the new hyperchaotic system and its circuit implemen- 

tation. Different chaotic at tractors  are illustrated by both numerical simulations and electronic 

experiments. Then we explore, in Section 3, some of the basic dynamical  properties of the system. 
Impulsive control is considered in Section 4, where it is shown tha t  the new hyperchaotic system 

can be stabilized by impulsive control. 

2.  T H E  H Y P E R C H A O T I C  U N I F I E D  S Y S T E M  

2.1. S o m e  S p e c i a l  F e a t u r e s  of  t h e  N e w  H y p e r c h a o t i c  S y s t e m  

The hyperchaotic unified system was presented in [13], which is described as follows, 

2 = (25 - 10 cos (a~t)) (y - x) ,  

9 = (17.5 cos + 10 .5 )x  

- mz + (13.3 - 14cos (wt)) y, 

8 
i = x y  - ~ z ,  

(1) 

where the control function a = cos(aJt) 

form, 

C [-1,  1]. This system can be generalized in the following 

[i] Jail a2:l[il I!° = a i a22 + x 0 - 1  , 

0 a33 1 0 

w h e r e  311  = - ( 2 5  - 10a), al2 = (25 - 10a), a21 = (17.5a + 10.5), a22 = 

a33 = --8/3. 
System (1) has the following special features. 

(2) 

(13.3 - 14a), and 

(i) Tile system presents a simple technique using a sinusoidal parameter  per turbat ion control 

input to drive a unified chaotic system to hyperchaotic. 
(ii) The original chaotic system is a three-dimensional autonomous system tha t  has a broad 

spectrum of chaotic behaviors with the Lorenz and the Chen systems as two extremes of 
the spectrum. 

(iii) The control input is a simple sinusoidal function cos(cot) with a constant parameter  w. 

(iv) The system is a hyperchaotic system when aJ C [0.55, 6.33]. With w = 3, the hyperchaotic 

a t t ractors  are shown in Figure 1. 
(v) From the bifurcation analysis of the system [13,16], we observed tha t  the transition from 

chaos to hyperchaos is soft and continuous. 
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Figure 1. Phase por t ra i ts  of the hyperchaotie sys tem (1) with aJ = 3. 
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Figure 2. Phase portraits of system (1). 

(vi) According to the criterion of VanS~ek and Celikovsk:~ [17], when 

and n is an integer, system (1) is a generalized Lorenz system, with an a t t ractor  as shown 
in Figure 2a, when t E [(1/w)(2nTr + 7r/2), (1/w)(2nTc + 37r/2)] and n is an integer, system 

(1) is a generalized Chen system, with an a t t ractor  as shown in Figure 2b. 

2.2. Circuit Implementation of System (1) 

The hyperchaotic system (1), has also been confirmed by electronic circuit experiment [13], 
as shown in Figure 3. The occurrence of the hyperchaotic a t t rac tor  can be obtained, as shown 
in Figures 4a-4h. The operational amplifiers perform the operations of addition, subtraction, 
and integration. The nonlinear terms in the equation are implemented mainly with the analog 
multipliers. 
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Figure 3. Circuitry realization of the unified hyperchaotic system (3). Resisters 
(kf~): _R3, R4, R5, R6, R9, RI0, Rl l ,  R12, R18, R19, R20, R21~ R23, R28, R29, 
R31 = 10, R1 = 2, R2 = 6.99, RT, R14, R15, R22, R27 = 1, R8 = 14.29, R13 = 3.80, 
R16 = 36.3, R17 = 59.2, R24 -- 3.3, R25 = 1.487, R26 = 0.172, R30 -- 0.288; 
Capacitors (nF): Ct, C2, C3 = 1. Op-Amps (1) (12): TL084; Multipliers: AD633. 

3. B A S I C  D Y N A M I C A L  B E H A V I O R S  O F  
T H E  H Y P E R C H A O T I C  U N I F I E D  S Y S T E M  

3.1. Symmetry  and Invariance 

Firs t ,  note  the invariance of the system under  the t r ans fo rma t ion  (x, y, z) H ( - x ,  - y ,  z), i.e., 

under  reflection in the >axis .  The  s y m m e t r y  persists for all values of the sys tem parameters .  

Also, it is clear tha t  the z-axis itself is an orbit ,  i.e., if x = y = 0 at t - 0, t hen  x = y = 0, for 

all t > 0. Moreover, the orbi t  on the z-axis tends  to the origin as t --+ co. 

3.2.  D i s s i p a t i v i t y  a n d  t h e  E x i s t e n c e  of  A t t r a c t o r  

We notice t ha t  
cq~ cq~) cq~. 43.1 + 4 cos (cot) 

v g = o x x + ~ + 0 z O y  - 3 < 0 .  

So, with a = cos(cot) E [ -1 ,  1], sys tem (1) is dissipative, with an exponent ia l  cont rac t ion  rate, 

T h a t  is, a volume e lement  V0 is cont rac ted  by the flow into a volume e lement  Vo e-(43"l+4a/a)t in 

t ime t. This  means  t ha t  each volume conta in ing  the system t ra jec to ry  shrinks to zero as t ~ oo 

at an exponent ia l  ra te  - (43 .1  + 4a/3) .  Therefore, all sys tem orbi ts  are u l t ima te ly  confined to a 

specific subset  having zero volume and the asympto t ic  mot ion  settles onto an a t t rac tor .  

3.3. Equilibria and Stability 

The equi l ibr ia  of sys tem (1) can be ob ta ined  by making  the vector field of (1) zero, which leads 

to 

( 2 s  - l O c o s  ( ~ t ) )  (y  - x )  = o, 
(17.5 cos (~t) 4-10.5)x xz÷(13.3-14cos(wt))y=O, 

x y  - 8 / 3 z  = O. 
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P hase  por t r a i t s  of the  unified chaot ic  s y s t e m  (1) m e a s u r e d  wi th  the  expe r imen ta l  
s e t up  in t he  x - z plane: (a) Lorenz-like a t t rac tor ;  (b) Chen-l ike  a t t rac tor :  (c) Lii- 
like a t t rac tor ;  (d ) - (h ) :  t r ans i t ion  process.  T h e  scales of b o t h  vert ical  and  hor izonta l  
axes  are 0.2 V / d i v .  T h e  suppl ies  of all act ive devices are : i :14volts.  T h e  f requency 
of control l ing s ignal  is 0.5 Hz. 
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Figure 5. The equilibria S+ of system (1). 

1365 

Obviously, sys tem (1) has three  equilibria, 

So (0, 0, 0) 

S -  ( - t 3 8 - ( 2 3 . 8 + 3 . 5 c o s ( c z t ) ) ,  

q - i ~  (23.8+ 3.5 cos (~t)), (28.8 + 8.5 cos (~t))), 

S+ ( 1 3  (23.8+ 3.Scos(wt)), 

In which two equilibria, S_ and S+, are symmetr ical ly  placed with respect  to the z-axis, as shown 
in Figure 5. 

Let  us now s tudy  their  stability, i.e., the na ture  of the eigenspaces presented in the neighbor- 
hood of each equil ibrium point. The  Jacobian mat r ix  for sys tem (1) can be wri t ten  as 

J = 
-(25 lOcos(~t)) (25 -10 cos (~t)) 0 x ] 

(17.Scos(~t) + 10.5) - z (13.3- 14cos(~)) 

y z - 8 / 3  
(3) 

THEOREM 1. In system (1), the three equilibrium So, S_, S+ are saddle point in the three- 
dimensional phase space for all cos(wt) C [ -1 ,  1]. 

PROOF. 

(i) Linearizing system (I) about the equilibrium So yields an eigenvalue AI = -8/3 along 
with the following characteristic equation, 

f (A) = A 2 + (14 cos (a~t) - 13.3) A 

- (23.8 + 3.5 cos (wt)) (25 - 10 cos (aJt)) 

z O .  

(4) 
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(ii) 

Its o ther  two eigenvalue are 

1( 
~2 = ~ (13.3 - 1 4  cos (a~t)) 

+V/(13.3 - 14 cos (cot)) 2 + 4(23.8 + 3.5 cos ( c o t ) ) ( 2 5 -  10 cos (cot))) , 

1 / 
/ (13.3 - 14 cos (cot)) 

- ~ / ( 1 3 . 3  - 14cos (cot)) 2 + 4(23.8 + 3.5 cos (wt))(25 - 10cos (a~t))) , 

respectively, satisfying ~1 < O, ,k2 > O, and A3 < O. So, the  equil ibr ium So is a saddle 
point  in the three-dimensional  phase space. 
Linearizing sys tem (1) about  the other  two equilibria, S±,  yields the following character-  
istic equation: 

f (~) = ,ka + (433'1 + 4cos (a~t)) A2 

+ + 20cos(cot)) a 

16 
+ ~-  (25 - 10 cos (cot)) (23.8 + 3.5 cos (cot)) 

= 0 .  

(5) 

Thus,  the two equilibrium, S±, have the  same stabil i ty property.  

Let  

a0 = 1, 

43.1 
a l  --  3 + 4 c o s  ( a t ) ,  

284 
a 2 =  ~ + 2 0 c o s ( w t ) ,  

16 
a3 = -~- (25 - 10 cos (c~t)) (23.8 + 3.5 cos (wt)). 

We observed tha t  

a0 > 0, al  > 0, a3 > 0, a4 > 0. 

While 

 0cos/ 4 - a3 + 4 (a~t) /  + a l a 2  

16 
3 (25 - 10 cos (wt)) (23.8 + 3.5 cos (a~t)) 

= - 3 2 0 a  2 - 410a - 5440 

< 0 .  

According to the Routh-Hurwi tz  conditions,  the other  two equil ibrium S± are bo th  saddle 
points in the three-dimensional  phase space. 
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THEOREM 2. In system (1), the Jacobian at S± has a real eigenvalue, AR < O, and a complex- 
conjugate pair of eigenvalues, (Ac)± = ~ ¢c ~i, where ItRI > ~ > 0. 

P a o o F .  From (5), let 

0 _ >0, 

16 (25 - 10 cos (wt)) (23.8 + 3.5 cos (~ t ) )  > 0. C = ~ -  

Then,  we can determine the exact  values of the eigenvalues by set t ing I = -A/3 + A in (5). 
This yields 

f (X) - A a + PA + Q, 

where P = - A 2 / 3  + B and Q = 2Aa/27 - AB/3 + C. 

This  th i rd-order  polynomial  in A can be solved by using the Cardan  formula,  where one may 
set 

A = 4 P  a + 27Q 2. 

Obviously, 

and 

p _ 
A 2 

_ - m + B  
3 

9 (284 + 60 cos (u~t)) - (43.1 + 12 cos (wt)) 3 

> 0  
27 

Q - m 

So tha t  

2A 3 A B  
- - + C  

27 3 

2 (4~.i ) 3  (43 .1 /3+4cos (~z t ) ) (284 /3+ 20eos(wt) )  
2~ + 4 cos (cot) - 3 

16 
+ T (25 - 10 cos (~t))  (23.s + 3.5 oos (.~t)) 

> 0 .  

A = 4 P  3 + 2 7 Q  2 > 0 .  

Consequently,  (5) has a unique real eigenvalue, 

A 
AR = - ~ -  + AR 

3 + --{+ + ~ -  

(Q  3)1j3 
+ - - ~  - + ~ (6) 

- a + - g +  + - - V Y T ~ ]  ' 
J 

along with two complex complex conjugate eigenvalues, 

(~c)± = ~ + ¢i 

A 
- a + (AoL (7) 

_ A3 A/~2 4 - 2 v / 4 P + 3 ( A R )  2, 

where a = - A / 3 - A R / 2 ,  ~ = ± ( 1 / 2 ) v / 4 P + 3 ( A R )  2. In (6), A > 0, Q > 0, and A > 0, so 
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AR < O, ~ = A / 3 -  AR/2 > 0. 

Since k R + 2 c r - -  - A ,  and AR < 0, a > 0, we have I)~R[-2cr = A > 0. The characteristic 
eigenvalues of the two equalibria satisfy the Shiinikov inequalities [11], tha t  is, 

ARcr < 0 and IARI > cr > 0. 

Therefore, the two equalibria are all saddle-loci with an instability index of two, and the negative 
real eigenvalue is associated with a one-dimensional stable manifold, whereas both complex con- 
jugate eigenvalues, with a two-dimensional unstable manifold in which trajectories are spiraling 
outwards. 

4 .  I M P U L S I V E  C O N T R O L  

We shall establish, in this section, some sufficient conditions to stabilize the hyperchaotic 
system (2) by impulsive control. Let u = [x y ~] - ,  and u(t) be a solution of system (2). An 
impulsive control law of (2) is given by a sequence {tk, Bku(tk)},  where 

0 < t 1 < t 2 < . . .  < t k < t k +  1 < . . .  , t k  --* - I -oo ,  as  k ---+ q-oo 

and each Bk is a 3 x 3 constant matrix. It  works as follows. Let u(t) = u(t, to, uo) be a solution 

of system (2) start ing at (to, u0). The point Pt(t, u(t)) begins its motion from the initial point 

Pro (to, uo) and moves along the curve [(t, u); t _> to, u = u(t)] until the t ime tl  > to at which the 
point Ptl (tl, u(tl)) is transferred immediately to Pt+ (tl, u+), where u + = u(t l)  + Bxu(tx). Then, 

the point Pt continues to move further along the curve with u(t) = u(t, t l ,  u +) until it triggers 
a second transfer at t2 > t~. Once again, the point Pt~(t2,u(t2)) is mapped  into the point 

Pt + (t2, u(t+)), where u + u(t2) + B2u(t2). As before, the point Pt continues to move forward 

with u(t) = u(t, t2, u +) as the solution of (2) start ing at (t2, u+). Clearly, this process continues 
as long as the solution of (2) exists and it results in a piecewise-continuous t ra jectory u(t), which 
satisfies the following impulsive system of differential equations, 

= A (t) u + xBu ,  t ¢ tk, 

u ( t + )  - ( t k )  = t = 
(8) 

where o] [ooo 1 
 ( /:Ka21 0 , B :  00- , 

0 a33 0 1 0 

u(t +) = limt__+t+ u(t), Bk is the impulsive control matrix,  k = 1, 2 , . . . .  

Let Ak -- tk - - tk -1 ,  and ~k be the largest eigenvalue of ( I  + Bk) q- ( I  + Bk), for all k = 1, 2 , . . . .  
For t E [0, +oc) ,  let a(t) be the largest eigenvalue of A(t) r +A(t). Since A(t) is periodic, it follows 

that  maxtc[0,+oo){c~(t)} exits. Let c, . . . .  = maxt<0,+oo){c~(t)}. Then we have the following result. 

THEOREM 3. / 'or the controlled system (8), assume that there exist positive constants l and V, 

such that for k = 1, 2 , . . . ,  

Ak < l  

and 

Int3k + Ak (am~x + ~) <<_ O. 

Then, the controlled system (8) is globally exponentially stable. 

(9) 
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Choose the Lyapunov  funct ion V(u)  = uTu  and let v(t) = V(u( t ) ) ,  t C R+. Then,  for 

(u")Tu + uT'u/ 

(A (t) u + x B u  (t)) T u 

4- ~t T (A (t) u + xBu)  

= u T A  (t) T u 4- x u T B T u  

4- uT A (t) U 4- zuT  B u  

: ~ T  (.4(~)~- + A(t)),., 
+ ~**T (sT + s )  

= ,.,T (.4 (~)T 4- .4 (t)),~ 

+ 2x (yz - yz) 

= T (A( t )~  4- A ( t ) )~ .  

(t) = 

Since A(t) T + A(t) is a symmetr ic  matr ix,  we have 

'U, T (A( t )  T -4 -A( t ) )  IZ ~ Ct(t) lzT'~, 

where a(t)  is the the largest eigenvalue of A(t)  T + A(t).  
Thus,  

(t) _< ~ (t)  ~ (t)  

OtmaxV ( t ) ,  

where a . . . .  = maxt~[0,+oo){a(t)}. 
So, 

+ v (t) < v ( tk_l)  e . . . . .  (]~--tk--l) 

When  t = tk, we have 

t E ( t k - l , t k ) ,  

t E ( t k - l , t k ) .  (10) 

~(t~)  ~(t+)  ~ = ~(t:)  
= ( ( I  q- -Bk) u ( tk) )  T (( . /4-  Bk )  u ( tk) )  

= ~ ( < ) r  (I  + Bk) 7 (I + Bk) ~ (tk). 

Since (I  + B k ) T ( I  + Bk) is a symmetr ica l  matr ix,  we have 

u (tk) T (I  + Bk) T ( I  + Bk) u (tk) _< flku (tk) T u ( tk) ,  

which implies 

By  inequalities (11),(13), we get 

,v ( t : )  < 9kv (~) 
+ 

< gke~ ..... I*k-~k-,l~ G _ l )  
+ 

= flk e . . . . . .  A~. v ( t k_ l )  

_< ( ~  . . . .  ~ )  ( ~ _ , ~  .... ~,k_,) ~ + (t~_~) 

_< (fik~ ...... "~) (9,~-~ ...... "~ - ' ) . . .  ( 9~  ...... ,,,),~ (to+). 

(11) 

(12) 
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This,  toge ther  wi th  condit ion (9), implies, for t C ( tk-~,  tk), 

112 1.4 

v(t )_<e  ...... (~-~-l~(Zk le ...... ~ - l ) . . . ( Z ~ e  ...... ~ ) v ( t 0  +) 

< e(~ ..... +")~-~-~e -~ /~ -~ - , ) e -~A~-~ . . .  e-"~'~ (to+) 

_< ~/ . . . . .  +',)~e-',/~-~O)v (to+). 

Let  M > 0, such t h a t  

Then ,  we get by  (13), 

e ( ...... +,~)l = M 2. 

II~(t)ll ~ Me-1/2°(t-t°)I1~011, t ~ to. (14) 

Therefore ,  the  control led sys tem (8) is globally exponent ia l ly  stable.  

Next ,  by impuls ive  control,  some numerical  s imulat ions for control led chaos sys tem (8) are 
obta ined.  T h e  sys tem pa rame te r s  are chose as follows, W = 1, the impuls ive  control  ma t r ix  

Bk = - 2 / 3 I ,  and the impuls ive  t ime intervals Ak = 0.03, for all k = 1, 2 , . . . .  By  comput ing ,  we 
have 

1 
amax = 60.6028, flk = - .  

9 

So for ~l = 12.64, 

lnSk + Ak (a ..... + r]) <_ O. 

By T h e o r e m  3, the  controlled sys tem is globally exponent ia l ly  stable.  The  phase  por t ra i t s  are 
shown in Figure  6. T h e  s ta te  orbits  of the  sys tem are depic ted  in Figure  7. 

In addit ion,  we choose cons tant  V = 3.51. By  inequal i ty  (9), the sys t em is global ly exponent ia l ly  
stable,  if flk and A k satisfy t ha t /~ke  ... . . .  ~k <__ e-V, as shown in F igure  8. 

/~k is relevant  wi th  the magn i tude  of the  impulsive.  Assume Bk = - -AkI  (,kk > 0), where -~k 
denote  the  m a g n i t u d e  of the  impulsive.  We have 

/~k (1 - Ak) 2 . 

Then,  
(1  - ~ k )  2 e . . . . . .  ~ k  _< e - , 1 .  
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F i g u r e  7. S t a t e  o r b i t s  o f  c o n t r o l l e d  s y s t e m  (8) .  
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Figure 8. The portrai t  of/3 k and A k. 
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Figure 9. The portrai t  of flk and Ak. 

T h e  p o r t r a i t  of  ),k a n d  A k  is s h o w n  in  F i g u r e  9. 
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