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Abstract. This paper introduces a new unified chaotic system that connects the Chen’s
chaotic system to the classical Lorenz chaotic system through the Lii chaotic system. The
continued transition from the Lorenz and the Chen systems is controlled by |z|, thereby the
new attractor is composed by two parts, one part is half a Lorenz attractor, another part is
half a Chen attractor. The dynamical behavior of the new unified system is investigated.
An electronic circuit is also designed and built to confirm its dynamics of the new chaotic
system. Then impulsive synchronization of the new unified chaotic system is studied.
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1 Introduction

Chaotic attractors are found to be very useful for various applications, such as
network modeling [4], encryption and secure communication [3,5-15] and so
on. This provides a strong motivation for the current research on exploiting
some new chaotic attractors and their implementations. In 1999, a new
chaotic attractor, known as Chen’s attractor, is found [2]. It is proved to
be topologically different from the classical Lorenz chaotic system 1,2,17].
Both systems can be expressed in terms of a generalized Lorenz system [1],
consisting of linear and nonlinear parts, where the linear part is a constant
matrix with A = [a;j]sx3. According to [1], the Lorenz system and Chen
system satisfy the conditions ajsas; > 0 and ajsas; < 0, respectively, and
in this sense they are dual systems. Recently, the transition between Lorenz
and Chen is bridged with the Li system, under the condition of ai2a2; = 0
[18]. In a canonical form, all these topologically non-equivalent 3-dimensional
autonomous quadratic chaotic systems of various structures can be classified
as a family of generalized hyperbolic chaotic systems [1]. Recently, a unified
chaotic system was proposed in [19] for the generation of all these three
classes of attractors, which has a broad spectrum of chaotic behaviors with



574 Y. Li and X. Liu and H. Zhang

the Lorenz and the Chen systems as two extremes of the spectrum of the key
system parameter.

On the other hand, chaos synchronization has also become an active area
of research due to its its potential applications to secure communication [5-
15, 20-22, 24-31]. Several chaos-based secure communication schemes have
been proposed. In these schemes, message signals are masked or modulated
(encrypted) by using chaotic signals and the resulting encrypted signals are
transmitted across a public channel. Perfect synchronization is usually ex-
pected to recover the information signals. Recently, another synchronization
technique, based on impulsive control, has been reported and developed in
[8-12, 28-30]. The technique allows the coupling and synchronization of two
or more chaotic systems by using only small synchronizing impulses. These
impulses are samples of the state variables (or functions of the state vari-
ables) of the drive system at discrete moments. They drive the response
system discretely at these moments.

This paper introduces a new unified chaotic system that connects the
Chen’s chaotic system to the classical Lorenz chaotic system through the Li
chaotic system. The continued transition from the Lorenz and the Chen sys-
tems is controlled by |z|, thereby the new attractor is composed by two parts,
one part is half a Lorenz attractor, another part is half a Chen attractor. The
dynamical behavior of the new unified system and its impulsive synchroniza-
tion are investigated respectively. In this paper, an electronic circuit is also
designed and built to confirm its dynamics of the new chaotic system.

The rest of the paper is organized as follows. In the next section, the
mathematical model of the unified chaotic system is introduced. The dy-
namical behavior of the new unified system is investigated in Section 3. An
electronic circuit realization for the system and some experimental observa-
tions are then presented in Section 4. In Section 5, impulsive synchronization
of the new unified chaotic system is investigated. Finally, concluding remarks
are given in Section 6.

2 Mathematical Model of the New Unified
Chaotic System

The new unified chaotic system is described as follows:

i =a(y — )
y=lz| —zz+ Py (1)
z=uxy— bz

where (7,y,2) € R?, a,b,8,7v € Rt > 0.
According to the canonical-form criterion formulated in [1], one has:
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(i) when x > 0, system (1) can be reformulated form

z=a(y —x)
Y=z —x2+ Py (2)
z=uxy— bz

or in the following canonical form

T —a a 0 x 0 0 O T
yl=|r B 0 y [+ 0 0 —1 y (3)
z 0 0 -b z 0 1 0 z

satisfing condition aj2a91 = a X v > 0, so it is a generalized Lorenz system.
(i) when x < 0, system (1) can be reformulated form

z=a(y —x)
y=—yr—az+ Py (4)
z=uxy— bz
or
T —a a 0 x 0 0 O T
y|l=|-—v B8 0 y |+xz| 0 0 -1 y (5)
z 0O 0 -—b z 0O 1 O z

satisfying condition aj2a21 = a X 7 < 0, so it is a generalized Chen system.
It can be seen that if the sign of the term ajsas; in system (1) can
be controlled to change alternatively between ”+” and ”-” by |z|, then the
system dynamics will change (in some sense, switch) among different chaotic
attractors.
Choosing a = 35, v = 5, f = 27.5 and b = 3, the corresponding chaotic
attractors are depicted in Figs. 1 (a)-(d).

3 Dynamical Behaviors of the Unified System

3.1 Some Basic Properties

The new hyperchaotic attractor has some different qualitative properties from
both the Lorenz and Chen systems along with sharing several important
qualitative properties. They are listed as follows.

3.1.1 Symmetry and Invariance

First, It is easy to see that system (1) does not have a property of symmetry.
The equation is variant under the following transformation:

(xayv Z) — (_xv —-Y, Z)

Next, it is clear that the z-axis itself is an orbit, ie. f z =y =0at ¢t =20
then z = y = 0 for all ¢ > 0. Moreover, the orbit on the z-axis tends to the
origin as t — oo.
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Figure 1: Phase portraits of system (1) with a = 35, v = 5, 8 = 27.5 and
b=3: (a) z — z plane, (b) y — z plane, (c) z — y plane, (d) z —y — z plane.
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3.1.2 Dissipativity and the Existence of Attractor

Let us consider a volume in a certain domain Dy of the state space. Notice
that 56 80 62
Z i 2z
V = — —_— _— = — - b.
v ox + oy + 0z et

We always use a set of parameters satisfying —a + 8 — b < 0, such as

(a,8,b) = (35,27.5,3), so that the dynamical system (1) is guaranteed to be
dissipative, with an exponential contraction rate

av
— =(—a - b)V.
dt (ma+5-0)
That is, a volume element V} is contracted by the flow into a volume
element Vpe(—9+A=b)t in time ¢t. This means that each volume containing the
system trajectory shrinks to zero as t — oo at an exponential rate —a+ 0 —b.

Therefore, all system orbits are ultimately confined to a specific subset having
zero volume and the asymptotic motion settles onto an attractor.

3.2 Equilibria and Stability

To obtain the equilibria, we set the vector field of system (1) to zero, which

leads to
aly—x)=0
Vx| —xz 4+ LBy =0
zy — bz =0.

When 8 > v > 0, system (1) has three equilibria:

S0(0,0,0);
x>0 8 \/b(ﬁ+7)7\/b(ﬁ+7)a(ﬁ+7)),
£<0 S (=B, VBB, (B-7)).

For the equilibria, S7 and Sy are symmetrically placed with respect to
the z-axis.

Let us now study their stability properties, i.e. the nature of the eigenspaces
presented in the neighborhood of each equilibrium point. The Jacobian ma-
trix of system (1) can be written as

—a a 0
vsign(z) —z [ -z x #0. (6)
Y x —=b

For simplicity, let a = 35, 8 = 27.5 and b = 3, and let  vary.
(i) Linearizing system (1) at the equilibrium point Sy, yields the following
characteristic equation:

FO) =A%+ (a+ b= BN+ b(a+7)A+2ab(8 + ) = 0. (7)
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Let
A=a+b—£3=10.5>0,

B=bla+v)=3x(35+7) >0,
C =2ab(f+7v)=210x (3+7) > 0.

From Eq. 7, one may assume that A = —% + A. This yields
F(A) =A*+PA+Q

where P = —%2 + Band Q = 24° _ AB 4 O This third-order polynomial

27 3
in A can be solved by using the Cardan formula, where one may set
A =4P3 +27Q%
Obviously, when v > 0,
P = -424B
= —sla+b—=p)+bla+7)
= 3v+68.25
> 0
and
Q = HF-4+C
= Z(a+b—pP-2(a+b—pB)(a+7)+2ab(B+7)
= 5493.3 + 199.5v
> 0.
So that

A =4P3 +27Q% > 0.

Consequently, Eq. (7) has a unique real eigenvalue:

AR = —?-FAR

along with two complex complex conjugate eigenvalues:

Ao)x = o=xi
= -4+ (Ao)s (9)

Since A >0, @ > 0 and A > 0, we obtain Ag < 0, o0 = 0.

Since Ag + 20 = —A, and Ag < 0, 0 > 0, we have |[Ag| —20 = A > 0.
The characteristic eigenvalues of the equilibrium point satisfy the Shil'nikov
inequalities [11], that is,

Aro <0 and [Ar| > o > 0.
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Therefore, the equilibrium point is a saddle-foci with an instability index
of 2, and the negative real eigenvalue is associated with a one-dimentional
stable manifold, whereas both complex conjugate eigenvalues, with a two-
dimentional unstable manifold in which trajectories are spiraling outwards.

(ii) Linearizing system (1) at the other equilibrium point Ss, yields the
following characteristic equation:

FO) =X+ (a+b—B)N* + (b(a+7) + 2a7)A + 2ab(B + 27) = 0. (10)

Let

A=a+b—-=10.5>0,
B =b(a+ )+ 2ay >0,
C = 2ab(8 +2v) > 0.

and )
P = -4 +B
= —i(a+b—pB)2+bla+7)+2ay
= 68.25+ 73y
> 0
and
_ 243 AB
Q = ZF-F+C
= s(a+b—0F)>—3(a+b—B)(bla+7)+2ay) + 2ab(3 + 2v)
= 164.5v + 5824
> 0.
Obviously,

A =4P3 +27Q% > 0.
Similarly, we obtain the characteristic eigenvalues of the equilibrium point
Sa, satisty the Shil’nikov inequalities [11], that is, Ago < 0 and |Ag| > o > 0.
Therefore, the equilibrium point is a saddle-foci with an instability index
of 2, and the negative real eigenvalue is associated with a one-dimentional
stable manifold, whereas both complex conjugate eigenvalues, with a two-
dimentional unstable manifold in which trajectories are spiraling outwards.

4 Circuit Design for the New Unified Chaotic
System

The new unified chaotic system (1) has also been confirmed by an electronic
circuit, as shown in Fig. 2. The operational amplifiers and associated cir-
cuitry perform the basic operations of addition, subtraction, and integration.
The nonlinear terms in the equation are implemented with the analog mul-
tipliers AD633.

The occurrence of the new unified attractor can be clearly seen from
Figs. 3 (a)-(c). By comparing it with Figs. 3(a)-(c), it can be concluded
that a good qualitative agreement between the numerical simulation and the
experimental realization is obtained.
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Figure 2: Circuitry realization of the new unified system (1) Resisters (k ):
R1, R2, R4, R6, R7, R9, R10, R11, R15, R18, R19, R20, R22, R24, R25=10:
R5=3.69; R13, R14, R21=1; R8=5; R12=3.75; R18=0.472 Capacitors (nF):
C1,Cs,C3 = 1; Op-Amps: TL0O84; Multipliers: AD633.
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[

(c)

Figure 3: Phase portraits of the unified chaotic system (1) measured from
the experimental setup in: (a) x -z plane, (b) y - z plane, (c) x - y plane, the
scales of vertical and horizontal axes are 0.5V /div and 0.5 V/div respectively.
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5 Impulsive Synchronization

In this section, we shall investigate the problem of impulsive synchronization
of the new unified chaotic system. Consider the drive system

p=f(tp) (11)
where p = (z,y,2)7,
aly — x)
f(tap): ’Y|l‘|—l‘2+ﬁy ’
zy — bz

a=235,7v=5,08=275and b=3.
The response system is given by

Ag = —Bilp—q), t=ty, kEN
where ¢ = (u,v,w)’, t; < ta < ..., and By is the impulsive control matrix,

k=1,2,....
Let e = p — g. Then we say that the system (11) and the system (12) are
synchronized by impulsive driving if the trivial solution of the error system

€ = f(tap)_f(taQ)7 t#t
{Ae = Bpe, t=ty, kENk (13)

is attractive.

Since solutions of the chaotic systems (11) and(12) are bounded, there
must exist po > 0 such that ||e|| < po.

Consider the error system (13). Let p = pg + 1, and choose B, =
—09I,K =1,2,..., then ||e + Ae|| = ||0.1e|| < po < p. Apparently e + Ae €

S(p).
Let V(e) = eTe. when t = t;, we have

V(e(tg)) = (e+ Bre)T(e+ Bye)
= 0.01eTe
— 0.01V(e).

When t € (tg, tr+1],k = 1,2, ..., we obtain
V(e)

2e1€1 4 2e9€5 + 2ez€3

= 2eia(ez —e1)] + 2e2[y (|| — [u]) — (22 — uw) + Bes]

+2e3[(xy — uv) — bes]

2ae1es + 27|e1|ea — 2ae? + 233 — 2be?

—2(xzeq — uwey — xyes + uves)

= 2aeies + 2v|e1]ex — 2ae? + 2(e3 — 2be3
—2weies + 2vejes

< alef +e3) + (el + €3) — 2aef + 203
—2be3 + |w|(e? + €3) + [v](e] + )

= (y—a+ |+ |w|)e?+ (y+a+26+|w|)e

(=2b+ [v)e3

IN
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Choose A\ = maz(y —a+ |v| + |w|,y + a + 28 + |w|, —2b + |v|). Then
V(e) < AV (e).

Let ¥ (V(e)) =0.01V(e) and ¢(V(e)) = V(e). Then

tht1 Uy (2) ds
/ Ads + / —— = AAt, — 4.6052,
tk z C(S)

where Atk = tk+1 — tk.

Let 7, = 0.1, then > 77|y = co. We choose Aty < 468k =0,1, ...,
By Theorem 3.1. in [16], we see that the error system (13) is attractive.
Therefore, we obtain the following

Synchronization criterion: The drive system (11) and the response system
(12) are synchronized by impulsive driving if

4.605
A )

For simulation, we choose a = 35, v =5, 8 = 27.5 and b = 3. Let system (11)
and system (12) start respectively from the initial points (2,3,1) and (8,4,8).
Then we get A\ = 185. We choose Aty = At; = ... = 0.01, By = By =
... = —0.91. Then synchronization is observed in the simulation. The phase
portraits and state trajectories of the error system (13) are shown in Fig.4.
The phase portraits of the response system (12) and the synchronization
portraits are shown in Fig.5.

Aty < k=0,1,...

6 Conclusions

We have introduced in this paper a new unified chaotic system that connects
the Chen’s chaotic system to the classical Lorenz chaotic system through the
Lii chaotic system. The continued transition from the Lorenz and the Chen
systems is controlled by |z|, thereby the new attractor is composed by two
parts, one part is half a Lorenz attractor, another part is half a Chen attrac-
tor. We have shown that the new unified chaotic system has some different
qualitative properties from both the Lorenz system and Chen system along
with sharing several important qualitative properties. An electronic circuit
has also been designed and built to confirm its dynamics of the new chaotic
system. Then we have investigated the impulsive synchronization of the new
unified chaotic system and established some synchronization criterion.
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(c) (d)

Figure 4: The phase portraits and state trajectories of the error system (13),
with @ = 35, v = 5, 8 = 27.5 and b = 3, starting from the initial points
(2,3,1) and (8,4,8): (a) e — es — e3 plane, (b) t — ey plane, (¢) t — ey plane,
(d) t — e3 plane.
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Figure 5: The phase portraits of the driven system (12) and the synchroniza-
tion portraits: (a) u— v —w plane, (b)  —u plane, (¢) y — v plane, (d) z —w
plane.
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