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In this paper, we create a multi-scroll chaotic attractor from Chen system by a nonlinear feed-
back control. The dynamic behavior of the new chaotic attractor is analyzed. Specially, the
Lyapunov spectrum and Lyapunov dimension are calculated and the bifurcation diagram is
sketched. Furthermore, via changing the value of the control parameters, we can increase the
number of equilibrium points and obtain a family of more complex chaotic attractors with differ-
ent topological structures. By introducing time delay to the feedback control, we then generalize
the multi-scroll attractor to a set of hyperchaotic attractors. Computer simulations are given to
illustrate the phase portraits with different system parameters.

Keywords: Chaos; Chen system; Lyapunov exponent; Hopf bifurcation.

1. Introduction

Over the past two decades, the generation of chaotic
or hyperchaotic systems and their applications have
attracted a great deal of attention [Ballinger & Liu,
1997; Chen & Ueta, 1999; Cuomo & Oppenheim,
1993; Khadra et al., 2003; Kocarev et al., 1992; Liu,
2006; Pecora & Carroll, 1990; Yang & Chua, 1996].
Especially, multi-scroll attractors and hyperchaos
systems have been intensively studied [Goedgebuer
et al., 1998; Grassi & Mascolo, 1999; Li & Chen,
2004; Li et al., 2005; Lu et al., 2004; Peng et al.,
1996; Rossler, 1979; Yalcin, 2007; Yan & Yu, 2008].

*Research supported by NSERC Canada.

Recently, a nonautonomous technique to generate
multi-scroll attractors and hyperchaos has been
introduced [Elwakil & Ozoguz, 2006; Li et al., 2005].
Using switching systems, some new chaotic attrac-
tors have been achieved in [Liu et al., 2006; Lu et al.,
2004]. Some fractional differential systems have also
been presented to generate chaos [Ahmad & Sprott,
2003; Hartley et al., 1995; Li & Chen, 2004], and
some simple circuits have been developed to real-
ize chaos [Chua et al., 1993; Elwakil & Kennedy,
2001; Lu et al., 2004; Yalcin, 2007; Yalcin et al.,
2002].
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40

Fig. 1. The phase portrait of Chen system with a = 35,
b =3 and ¢ = 28, starting with [1, 1, 1].

It is well known that a first-order delay dif-
ferential equation can generate chaotic and even
hyperchatic attractors [Farmer, 1982; Tkeda & Mat-
sumoto, 1987]. Since Mackey—Glass system, which is
a physiological model, was found to possess chaotic
behaviors, several modified chaotic systems have
been reported [Lu & He, 1996; Namajunas et al.,
1995; Tamasevicius et al., 2006; Wang & Yang,
2006]. Some experimental observations of multi-
scroll attractors have been confirmed [Tamasevicius
et al., 2006; Wang & Yang, 2006; Yalcin & Ozoguz,
2007]. In this paper, we use feedback function to
control Chen system to multi-scroll attractors, via
increasing its equilibrium points. Furthermore, we
introduce time delay to the control function to gen-
eralize it to more complex chaos and hyperchaos.

The remainder of this paper is organized as
follows. In Sec. 2, we present a control function

to generate a 6-scroll attractor from Chen system.
In Sec. 3, we analyze the dynamical behavior of the
new attractor. In Sec. 4, by controlling the values
of system parameter, we generalize the system to
different multi-scroll chaotic attractors. In Sec. 5,
by introducing time delay to the control function,
we achieve more complex chaos and hyperchaos.
Finally, conclusions are given in Sec. 6.

2. New Chaotic Attractor

Chen system was introduced in 1999 when he stud-
ied how to control the Lorenz system. It has been
proved that Chen system is not topologically equiv-
alent to the Lorenz system. The mathematical
model is given as

T =a(y —x),
y=(c—a)r—zz+cy, (1)
Z=uxy— bz.
Figure 1 shows the phase portrait of Chen system
with a = 35, b= 3 and ¢ = 28.
We consider the following controlled system,
T =a(y —x)
y=(c—a)r —xu+cy (2)
z=uxy — bz
where the control function wu(t) = diz(t) —
dysin(z(t)) with @ = 35,b = 3,¢c = 28, d; = 1
and do = 8. Figure 2 shows the phase portraits of

the state variables of the controlled Chen system,
which is a 6-scroll attractor.
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Fig. 2. The phase portraits of the controlled Chen system. (a) z —x —y; (b) x —y; (¢) y — z; (d) z — =.
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Fig. 2. (Continued)

3. Dynamical Analysis

System (2) has eleven equilibrium points (0,0,0), (£6.9995, £6.9995, 16.3311), (£7.4572, £7.4572,
18.5365), (+8.1020, +-8.1020, 21.8808), (£8.7929, £8.7929,25.7719) and (49.0592, +9.0592, 27.3561). At the
equilibrium point (z*,y*, 2*), the characteristic equation of the linearized system is

—a— A a 0
c—a—(diz* —dgsinz*) c¢— N —diz* 4+ dex*cosz*| =0 (3)
y* ¥ —b—A
Table 1. List of equilibrium points and corresponding roots of characteristic equations.
Roots of Characteristic Roots of Characteristic
No. Equilibrium Point Equation No. Equilibrium Point Equation
1 (0, 0, 0) A1 = —30.8359 7 (8.1020, 8.1020, 21.8808) A} = —31.7110
A2 = —3.0000 A2 = 10.8555 + 34.33974
A3 = 23.8359 A3 = 10.8555 — 34.3397%
2 (—6.9995, —6.9995, 16.3311) A; = —28.3291 8 (—8.7929, —8.7929, 25.7719) A} = —20.8583 + 22.1342;
A2 = 9.1646 + 28.6971:¢ Ao = —20.8583 — 22.1342¢
A3 = 9.1646 — 28.6971:¢ A3 = 31.7166
3 (6.9995, 6.9995, 16.3311) A} = —28.3291 9 (8.7929, 8.7929, 25.7719) A} = —20.8583 + 22.1342;
A2 = 9.1646 + 28.6971¢ Ao = —20.8583 — 22.1342¢
A3 = 9.1646 — 28.6971:¢ A3 = 31.7166
4 (=7.4572, —7.4572, 18.5365) A} = —20.0227 + 21.34563 10 (—=9.0592, —9.0592, 27.3561) A = —30.2290
Ao = —20.0227 — 21.34561 Ao = 10.1145 4 31.79523
Az = 30.0454 Az = 10.1145 — 31.79523
5 (7.4572, 7.4572, 18.5365) A1 = —20.0227 + 21.34561 11 (9.0592, 9.0592, 27.3561) A1 = —30.2290
Ao = —20.0227 — 21.34561 A2 = 10.1145 4 31.79523
A3 = 30.0454 Az = 10.1145 — 31.79523
6 (—8.1020, —8.1020, 21.8808) A; = —31.7110

Ao = 10.8555 + 34.33974
A3 = 10.8555 — 34.3397¢
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Fig. 3. The roots of the characteristic equations of sys-
tem (2) corresponding to equilibrium points (£6.9995,
+6.9995, 16.3311).

All equilibrium points and corresponding roots are
shown in Table 1.

From Table 1, we can see that all equilibrium
points of system (2) are unstable. Figure 3 shows
the responding eigenvalues of points (£6.9995,
+6.9995,16.3311). A pair of complex conjugate
eigenvalues of the linearization around these equi-
librium points have crossed the imaginary axis of
the complex plane. It can be seen that Hopf bifurca-
tion will occur when suitable parameters are chosen.
Similarly, at points (£8.1020,£8.1020,21.8808)
and  (£9.0592,+9.0592,27.3561), there exist
Hopf bifurcations when suitable parameters are
chosen.

Furthermore, we calculate the maximum Lya-
punov exponent LE .« =4.7859 and Lyapunov
dimension d = 2.3236 using the Matlab LET tool-

box. The Lyapunov spectra are shown in Fig. 4.
|
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Fig. 4. The Lyapunov spectra of system (2) with ¢ = 1000,
starting from (1,1, 30).

4. Generalized Multi-Scroll Chaos

From Fig. 2, we can see that the above new chaos is
a 6-scroll Chen attractor. Furthermore, by choosing
different values of the parameter do, we can control
the number of equilibrium points of system (2). Sub-
sequently, we can design complex chaotic systems
with different topological structures by controlling
the number of Hopf bifurcation points.

When dy =5, system (2) has seven equilib-
rium points (0,0,0), (£7.0847,+7.0847,16.7311),
(£7.4039, +7.4039, 18.2726) and (£8.0917, £8.0917,
21.8253). At points (£7.0847,+7.0847,16.7311)
and (£8.0917,+8.0917,21.8253), there exist Hopf
bifurcations when suitable parameters are chosen.
Figure 5 shows the phase portraits of state variables
of system (2) with dy = 5, which is a 4-scroll
attractor. The maximum Lyapunov exponent is
LEnax = 0.4015 and Lyapunov dimension d =
2.0316.

When dy = 14, system (2) has 19 equilibrium points
(0,0,0), (£5.5575, £5.5575, 10.2952), (£5.9635, £5.9635, 11.8545), (£6.9429, £6.9429, 16.0680),
(+7.4867,+7.4867,18.6833), (+8.1102, +8.1102, 21.9250), (£8.7390, +-8.7390, 25.4567),
(£9.1274, £9.1274, 27.7696), (+£9.8534, £9.8534, 32.3629) and (£10.0190, £10.0190, 33.4602).

At points

(£5.5575, £5.5575,10.2952), (+6.9429, +6.9429, 16.0680), (£8.1102, +-8.1102, 21.9250),
(£9.1274,49.1274,27.7696) and (£10.0190, +10.0190, 33.4602),

there exist Hopf bifurcations when suitable parameters are chosen. Figure 6 shows the phase portraits of
state variables of system (2) with do = 14, which is a 10-scroll attractor. The maximum Lyapunov exponent
is LEpax = 7.0722 and Lyapunov dimension d = 2.4142.
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Fig. 5. The phase portraits of system (2) with da = 5, starting from (1,1,30). (a) z —z —y; (b) z —y; (¢) y — z; (d) = — 2.

When dy = 22, system (2) has 27 equilibrium points
(0,0,0), (3.4741, £3.4741, 4.0231), (£4.0626, £4.0626, 5.5015), (£5.4638, £5.4638,9.9510),
(£6.0380, +6.0380, 12.1525), (£6.9152, +6.9152, 15.9400), (£7.4994, +7.4994, 18.7470),
(£8.1144,4+8.1144,21.9480), (£8.7174, £8.7174, 25.3309), (£9.1574, +£9.1574, 27.9528),
(4+9.7882, +9.7882, 31.9362), (+10.0890, £10.0890, 33.9293), (+10.7650, +10.7650, 38.6286)
and (£10.9291, £10.9291, 39.8147).
At points
(£3.4741,43.4741,4.0231), (£5.4638, +5.4638,9.9510), (£6.9152, +£6.9152, 15.9400),
(4£8.1144,+8.1144, 21.9480), (£9.1574, +9.1574, 27.9528), (+10.0890, £10.0890, 33.9293)
and (+10.9291,+10.9291, 39.8147),
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Fig. 6. The phase portraits of system (2) with do = 14, starting from (1,1,30). (a) z —z —y; (b) =z — y; (¢) y — z;
(d) z — =.

there exist Hopf bifurcations when suitable parameters are chosen. Figure 7 shows the phase portraits of
state variables of system (2) with do = 22, which is a 14-scroll attractor. The maximum Lyapunov exponent
is LEax = 8.6318 and Lyapunov dimension d = 2.4632.

When dy = 28, system (2) has 31 equilibrium points

(0,0,0), (£3.3777,+3.3777,3.8029), (£4.1371, £4.1371,5.7053), (+5.4318, £5.4318, 9.8349),
(£6.0618,4+6.0618, 12.2485), (£6.9047, +6.9047, 15.8914), (£7.5040, +7.5040, 18.7698),
(£8.1161,48.1161, 21.9570), (£8.7097, +8.7097, 25.2864 ), (£9.1686, +9.1686, 28.0209),
(£9.7692,49.7692, 31.8124), (£10.1102,4+10.1102, 34.0718), (£10.7287, £10.7287, 38.3682),
(£10.9668, +10.9668, 40.0905), (£11.6206, £11.6206,45.0129)

and (£11.7497, £11.7497,46.0188).
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Fig. 7. The phase portraits of system (2) with do = 22, starting from (1,1,30). (a) z —z —y; (b) =z —y; (¢) y — z;

(d) x — =.

At points

(£3.3777,4+3.3777,3.8029), (£5.4318, £5.4318,9.8349), (£6.9047, +£6.9047, 15.8914),
(+8.1161, £8.1161,21.9570), (+9.1686, +-9.1686, 28.0209), (£10.1102, +10.1102, 34.0718),
(£10.9668, +10.9668,40.0905) and (£11.7497, £11.7497,46.0188),

there exist Hopf bifurcations when suitable param-
eters are chosen. Figure 8 shows the phase portraits
of state variables of system (2) with do = 28, which
is a 16-scroll attractor. The maximum Lyapunov
exponent is LE;,x = 8.7869 and Lyapunov dimen-
sion d = 2.4677.

Figure 9 shows that all three Lyapunov expo-
nents change as dp ranges in [5,20] with fixed
parameters a = 35,b = 3,¢c =28 and d; = 1.

Remark. When parameter dy increases, the num-
ber of equilibrium points increases correspondingly.
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With Hopf bifurcation occurring over and over
again, system (2) generates new attractors with
more scrolls.

5. Generalized Complex Chaos and
Hyperchaos

It is well known that first-order delay differen-
tial equation can generate hyperchaotic dynamic
behavior. In order to generalize system (2) to more
complex chaos and hyperchaos, we introduce time
delay to control function, u(t) = doz(t) + d1z(t —
7) — dgsin(z(t — 7)). System (2) transforms to the
following.

0
-25 -20 -15 -10 -5 0 5 10 15 20 25

()

& =aly — )
g =(c—a)r —x(doz(t) + d1z(t — 1)
—dysin(z(t — 7)) + cy

Z=uxy— bz

(4)

where dy,dq,ds are constants and 7 is the time
delay. When suitable parameters are chosen, sys-
tem (4) can generate complex chaotic and hyper-
chaotic attractors as follows.

5.1. Special case I: dy = d;

(i) When dy = 1, dy = 1, dy = 5 and 7 = 0.2,
system (4) generates complex chaotic dynamic
behaviors (shown in Fig. 10).

25

Fig. 10. The phase portraits of system (4) with dy = 1,dy = 1,d2 =5 and 7 = 0.2.
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60

Fig. 16. The phase portraits of system (4) with dp = 1,d; = —0.2,d2 = 20 and 7 = 5.
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Fig. 17. The phase portraits of system (4) with dy =1,d; = —0.4,do =5 and 7 = 1.

When dy = 1,d; = 1, do = 5 and 7 = 0.8,
system (4) generates complex chaotic dynamic
behaviors (shown in Fig. 11).
When do = 1, d1 = 1, d2 =30 and 7 = 005,
system (4) generates complex chaotic dynamic
behaviors (shown in Fig. 12).
When do == 1, d1 == 1, d2 =30 and 7 = 08,
system (4) generates complex chaotic dynamic
behaviors (shown in Fig. 13).

Special case II: dy # d,

) When dy = 0.2,d; = 1,do = 5 and 7 = 0.1,

system (4) generates complex chaotic dynamic
behaviors (shown in Fig. 14).

(il) When do = 0.2, d; = 1, d> = 30 and 7 = 0.05,
system (4) generates complex chaotic dynamic
behaviors (shown in Fig. 15).

(111) When do = 1,d1 = *0.2,(12 =20 and 7 = 5,
system (4) generates complex chaotic dynamic
behaviors (shown in Fig. 16).

(iv) When dy = 1,dy = —0.4,d2 = 5 and 7 = 1,
system (4) generates complex chaotic dynamic
behaviors (shown in Fig. 17).

6. Conclusion

We have presented a feedback control function
to generate multi-scroll attractors from the Chen
system. Then we have analyzed the dynamical

1250033-14
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behavior of this new attractor. By varying the con-
trol parameters, we have achieved a set of new
attractors with different scrolls. After that, we have
generalized the multi-scroll attractors to generate
more complex chaos and hyperchaos by introduc-
ing time delay to the control function. This kind of
control method may also be used to other chaotic
systems.
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