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Abstract. In this paper, a family of novel chaotic and hyperchaotic attractors are constructed utilizing a
first-order delay differential equation (DDE). Dynamical analysis exhibits that Hopf bifurcation occurs
at the non-trivial equilibrium points of the system when the time delay is properly selected. Bifurcation
diagram and Lyapunov spectra further verify that the system behaves alternately in chaotic and periodic
manners with the system parameter varying. By controlling the system parameter to increase the number
of equilibrium points, a family of complex chaotic and hyper-chaotic attractors arise. Furthermore, we
present a more general form of DDE and simulate its various chaotic dynamics under different-sign
system parameters. The boundedness of this general DDE is studied in detail and finally, a possible

circuit implement for these new attractors is proposed.
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1 Introduction

Chaos and hyperchaos have attracted a great deal of attention of scholars over the
past two decades due to their potential applications to secure communication (see
[1-8] and references therein). Chaotic signal with extreme sensitivity to initial con-
ditions and noise-like dynamics is a natural carrier utilized to mask information in
cryptography. Accordingly, how to construct appropriate chaotic or hyperchaotic
systems becomes an active issue. Some typical multi-scroll attractors and hyper-
chaotic systems are presented in [9-17]. Also, the methods to generate chaos are
more and more diversified. A non-autonomous technique to generate multi-scroll
attractors and hyperchaos has been introduced [17-19]. Several switching methods
to generate chaotic attractors have been achieved [17, 20-22]. Some fractional dif-
ferential systems have been developed to generate chaos [13, 23-25]. In addition,
some electronic circuits have been proposed to realize chaos [15, 17, 26-28].

DDE has been used to generate chaos since the discovery of Mackey-Glass sys-
tem, a physiological model that exhibits chaotic behaviors. A few modified versions
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have been reported [29-32], in which a piecewise nonlinearity is employed to sub-
stitude the original nonlinearity of Mackey-Glass system. Most recently, Yalcin and
Ozoguz [33] presented a new chaotic model in the following form:

(1) = a|—x(t — 7) + sgn(x(t — 7))]

and, utilizing a hard limiter series, further generalized it to three-, four-, and five-
scroll chaotic attractors. This system only possesses one positive Lyapunov expo-
nent, not hyperchotic. Usually, in order to increase the complexity of the chaotic
behavior, one needs to change the nonlinearity of the system and to make the system
structure more complicated. Sprott [37] found the simplest DDE as follows:

x(t) = sin(x(r — 7)).

When 7.8 < 7 <40, this system exhibits hyperchaotic behavior while it is unbound-
ed. For application to secure communication, the chaotic carrier is required to be
complex enough and bounded. Does there exist a simple DDE which is not only
a multi-scroll attractor but also a bounded hyperchaos? How can one systemati-
cally increase the complexity of its chaotic dynamics while not making the system
structure more complicated? Motivated by the above two systems, in this paper we
present a new DDE which is bounded and can generate a family of novel chaotic
and hyperchaotic attractors, called cell attractors. On keeping the system structure
fixed, by system parameter control, one can obtain various hyperchaotic cell attrac-
tors with a desired number of positive Lyapunov exponents.

The remainder of this paper is organized as follows. In Section 2, we present
a first-order DDE to generate new chaotic attractors and further generalize it to
complex cell attractors by increasing its Hopf bifurcation points. In Section 3, a
more general form of DDE is presented and a variety of novel chaotic dynamics are
simulated under different-sign system parameters. In Section 4, The boundedness
of the general DDE is studied and some boundedness conditions are obtained. In
Section 5, a possible electronic circuit to realize these new attractors is proposed.
Finally, some conclusions are given in Section 6.

2 New chaotic attractor
Consider the following DDE:
x(t) = —ax(t — ) + bsin(cx(t — 1)), (1)

where a,b,c, are constants, and 7 is the time delay. For a = 0.16, b = 0.4, ¢ =
1.8, and T = 4.8, Fig. 1(a) shows the trajectory portraits of x(¢) starting from two
very close initial conditions and the error evolution e(t) = x| () — x2(¢) is shown in
Fig. 1(b). It can be clearly observed that the dynamical behaviors become totally
different after t = 300s, although the difference between the initial conditions (1074
is very tiny. This property is called the sensitivity to initial conditions, the unique
characteristics of chaos. Fig. 2 shows the phase portrait of x(¢) — x(¢t — 7).
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Figure 1: The state trajectories, x| () and x,, starting from (a) x| (s) = 2sin(67(s +
1)) (s € [-7,0]) and (b) x2(s) = 2sin(67(s + 7)) +0.0001 (s € [~7,0]) , for a =
0.16,b=04,c=1.8,and T =4.8.
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Figure 2: The phase portrait of x(t — 7) —x(¢), when a = 0.16, 5 = 0.4, ¢ = 1.8, and

7=4.2.8.
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Furthermore, a variety of interesting dynamics of (1) can be obtained by varying
the time delay alone. For 7 =4.98, 5.3, 6, and 8, the phase portraits of x(¢) —x(t — 7)
are shown in Fig. 3.
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Figure 3: The phase portraits of x(r — 7) — x(¢), when (a): 7 =4.98, (b): T=15.3,
(c): T=6,and (d): T=S8.

2.1 Dynamical analysis

For a =0.16, b = 0.4, and ¢ = 1.8, (1) has three equilibrium points {0, +£1.4119}.
At each equilibrium point x*, the characteristic equation of the corresponding lin-
earization system is

A+ (a—bccos(cx*))e ™7 = 0. (2)
In general, for DDE, there are no necessary and sufficient conditions known for all
roots to be in the left half-plane. Here we study the stability and bifurcation of each
equilibrium point by considering the scenario where a pair of complex conjugate
roots cross the imaginary axis. For x* = 4+1.4119, the characteristic equation is

A +0.7542¢ 2 =0. 3)
Let A = u4vi, v > 0. We have

u+0.7542¢ “Tcos(vt) =0
v—0.7542¢ T sin(vt) =0

Differentiating both sides of the above equations with respect to T gives

11— 0.7542¢ " (sin(vt) (vT +v) +cos(vt)(ut+u)) =0
{ v+0.7542¢ 7 (sin(vt) (4t +u) — cos(vt) (vt +v)) =0
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When the roots cross the imaginary axis, their real parts equal to zero, i.e., u = 0.
We have
{ v=10.7542

T=13259(% +2kx), k=0,1,..

Thus,
{ %|T=2.0827 =0.1640
4| 20827 = —0.2576

Therefore, Hopf bifurcation occurs at T = 2.0827 where k = 0 since % |r=2.0827 # 0
and the roots, other than £0.7542i, all have negative real parts. It implies that for
fixed parameters a = 0.16, b = 0.4, and ¢ = 1.8, a pair of complex conjugate roots
A1 2 = £0.7542i cross the imaginary axis with 7 varying around 2.0827. Thus, the
equilibrium points x* = +1.4119 lose their stability and the solutions of (1) turn
into a family of limit cycles.

For x* = 0, the characteristic equation is

A —0.5600e 7 = 0. 4)

Let A =vi, v > 0. We have

—0.5600cos(vt) =0
v+ 0.5600sin(vt) =0

Thus,
v =0.5600
T=1.7857(3F +2kn), k=0,1,...

At T = 8.4149 where k = 0, there exist a pair of complex conjugate roots +0.5600i
cross the imaginary axis. However, there exists a root A = 0.1537 lying in the right
half-plane. Thus it is not a Hopf bifurcation here. This equilibrium point is unstable
in the neighborhood of 7 = 8.4149.

Remark 1: By Hopf bifurcation we mean that an equilibrium point loses stability as
a pair of complex conjugate eigenvalues of the linearization system around the equi-
librium point cross the imaginary axis of the complex plane when suitable system
parameters are given. This equilibrium point, which has lost its stability by Hopf
bifurcation, is called a Hopf bifurcation point. We find that the appearance of Hopf
bifurcation point is an important indication of chaos.

The roots of the characteristic equations at the equilibrium points x* = +1.4119
and x* = 0 are shown in Fig. 4(a)-(b), respectively. It can be seen that Hopf bifur-
cations occur at x* = £1.4119 when 7 = 2.0827.

Furthermore, we calculate the maximal Lyapunov exponent A, = 0.0211 and
Lyapunov dimension d = 2.2718 using the method in [35] and the Matlab LET
toolbox. The Lyapunov spectra are shown in Fig. 5. The bifurcation diagrams vs
the system parameters b and 7 are shown in Fig. 6-7, respectively.

Remark 2: This chaotic system is sensitive to 7. Fig. 3 shows that when different
time delays are chosen, (1) has different dynamic behaviors. Fig. 7 shows that
the dynamics of (1) alternately switch between the chaotic and the periodic when T
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Figure 4: The roots of the characteristic equations of the corresponding linearization
system of (1) at the equilibrium points (a) x* = £1.4119 when 7 = 2.0827 and (b)
x* =0 when 7 = 8.4149.
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Figure 5: The Lyapunov spectra of (1) witha =0.16,b=0.4,c=1.8 and T =4.8.
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Figure 6: The bifurcation diagram vs b with a = 0.16, c = 1.8 and T = 4.8.

Figure 7: The bifurcation diagram vs 7 witha = 0.16, b =0.4 and ¢ = 1.8.
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varies in [1.8, 8]. Also, the dynamics of (1) is sensitive to the system parameter b.
Fig. 6 shows that when b ranges in [0.1, 1], the system alternately switch between
the chaotic and the periodic.

2.2 Generalized hyperchaotic attractors

By increasing the number of Hopf bifurcation points, we can generalize (1) to more
complex chaotic and hyperchaotic attractors.

When a = 0.16, b = 0.8, and ¢ = 1.8, (1) has seven equilibrium points (0,
+1.5681, +4.0071, £4.5899). Hopf bifurcation occurs at points (+=1.5681, £4.5899).
Fig. 8 shows that (1) can achieve more complex cell chaos when 7 increases. When
T = 4.0, the system has only one positive Lyapunov exponent A = 0.0493 and Lya-
punov dimension d = 3.1035. When 7 = 8.0, the system has two positive Lyapunov
exponents A} =0.0718, A, = 0.0189 and Lyapunov dimension d = 5.0807. Here the
system becomes a hyperchaos, which possesses more than one positive Lyapunov
exponents.

(b)

10
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Figure 8: The phase portraits of x(t — 7) — x(¢) with b = 0.8, when (a): 7 =4 and
(b): T=8.

When a = 0.16, b = 1.6, and ¢ = 1.8, (1) has eleven equilibrium points (0,
+1.6531, +£3.7013, £4.9484, +7.4481, £8.1932). Hopf bifurcation occurs at
points (+1.6531, +4.9484, +8.1932). The phase portraits of x(¢) — x(r — 1) are
shown in Fig. 9. When 7 = 2.5, the system has only one positive Lyapunov expo-
nent A = 0.0627 and Lyapunov dimension d = 3.5655. When 7 = 4.0, the system
has two positive Lyapunov exponents A; = 0.0795, A, = 0.0319 and Lyapunov di-
mension d = 5.4147. When 7 = 6.0, the system has three positive Lyapunov expo-
nents A; =0.0912, A, = 0.0630, A3 = 0.0156 and Lyapunov dimension d = 7.8406.
When 7 = 8.0, the system has four positive Lyapunov exponents A; = 0.1061,
A2 = 0.0705, A3 = 0.0339, A4 = 0.0078 and Lyapunov dimension d = 10.0316.
With 7 increasing, the system also turns into a hyperchaos.

When a = 0.16, b = 2.4, and ¢ = 1.8, (1) has fourteen equilibrium points (0,
+£1.6786, £3.6366, +5.0317, £+7.2854, £8.3706, £10.9723, £11.6698). Hopf
bifurcation occurs at points (+1.6786, £5.0317, +8.3706, £11.6698). The phase
portraits of x(¢) — x(r — t) are shown in Fig. 10. When 7 = 1.5, the system has
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Figure 9: The phase portraits of x(t — t) —x(¢) with b = 1.6, when (a): T=2.5, (b):
T=4,(c): T=06,and (d): T =8.

only one positive Lyapunov exponent A = 0.0577 and Lyapunov dimension d =
3.2522. When 7 = 3.0, the system has two positive Lyapunov exponents A; =
0.0807, A, = 0.0422 and Lyapunov dimension d = 6.0047. When 7 = 4.0, the
system has three positive Lyapunov exponents A; = 0.0925, A, = 0.0593, A3 =
0.0259 and Lyapunov dimension d = 7.8487. When 7 = 5.0, the system has four
positive Lyapunov exponents A; = 0.1042, A, = 0.0685, A3 = 0.0151, A4 = 0.0685
and Lyapunov dimension d = 9.6047. When 7 = 6.0, the system has five positive
Lyapunov exponents Ay.1086, A, = 0.0786, A3 = 0.0498, A4 = 0.0262, A5 = 0.0046
and Lyapunov dimension d = 11.4108. When 7 = 8.0, the system has six positive
Lyapunov exponents A; = 0.1210, A, = 0.0927, A3 = 0.0634, A4 = 0.0410, A5 =
0.0191, A¢ = 0.0067 and Lyapunov dimension d = 14.8941. With 7 increasing, it
also turns into a hyperchaos.

By further increasing b, we can increase the number of equilibrium points and
that of Hopf bifurcation points of (1). Accordingly, the number of positive Lya-
punov exponents and Lyapunov dimension increase and the system turns into more
complex hyperchaotic attractors. Fig. 11 shows that the maximum 10 lyapunov
exponents evolve as b varies in [0.1, 3] for fixed parameters a = 0.16, ¢ = 1.8 and
7=28.0.

Remark 3: We find that the number of Hopf bifurcation points has a close rela-
tion with the complexity of the new chaotic attractors. By increasing b, we can
increase the number of Hopf bifurcation points of (1). Furthermore, we can obtain
more complex chaos with more positive Lyapunov exponents and higher Lyapunov
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Figure 10: The phase portraits of x(t — 7) —x(¢) with b = 2.4, when (a): T = 1.5,
(b):71=3,(c):t=4,(d): 7=5,(e): T=6, and (f): T =28.
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The Maximal Ten Lyapunov Exponents

Figure 11: The maximum ten Lyapunov exponents vs b in [0.1,3] with a = 0.16,
c=1.8and 7 =8.0.

dimension.

3 General DDE generating chaos

In this section, we present a more general model to generate chaos. Consider the
following DDE:

X(t) = aix(t) + apx(t — 71) + bsin(cx(t — 1)), Q)

where aj,a;,b, c, are constants, and 7y, Ty, (7] > 0, T» > 0) are the time delays.

3.1 Special case I: Ikeda Equation

Leta; = —-0.32,a;, =0, b =1, and ¢ = 1.8, (5) transforms to the Ikeda equation.
Fig. 12 shows its phase portraits of x(¢)-x(# — 12) with different values of 7,, which
are similar to that in [34].

3.2 Special case II

Leta; =0,a, =—-0.24,6=0.5,c = 1.8, 11 =4, and 7, = 6. (5) generates chaotic
behavior. Fig. 13 shows its phase portraits of x(¢)-x(f — 71 )-x(¢t — 7») when suitable
time delays are selected.
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Figure 12: The phase portraits of x(¢)-x(f — 72), when (a): 7o = 2.5 and (b): 7, =4.
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Figure 13: The phase portraits of x(¢)-x(f — 71)-x(t — 72), when 7 =4 and 7, = 6.
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3.3 Special case I11

Let a; = —0.08, a, = —0.08, b = 0.5, and ¢ = 1.8. (5) generates chaotic behavior.
Fig.14 shows its phase portraits of x(¢)-x(f — 71 )-x(# — T») when suitable time delays
are selected.

(a) (b)

x(t-4)

X(t-4)
o

X(t)
x(t)
o

Figure 14: The phase portraits of x(r)-x(t — 71 )-x(t — 72), when 7; = 18 and 1, = 4.

3.4 Special case IV

Let a; = —0.08, a, = 0.08, b = 0.5, and ¢ = 1.8. (5) generates chaotic behavior.
Fig.15 shows its phase portraits of x(¢)-x(¢ — 71 )-x(f — T2 ) when suitable time delays
are selected.

3.5 Special case V

Let a; =0.32, a, = —0.48, b = 0.5, and ¢ = 1.8. (5) generates chaotic behavior.
Fig.16 shows its phase portraits of x(¢)-x(z — 7 )-x(# — T») when suitable time delays
are selected.

Remark 4: Because of the different signs of a; and a, special cases [-V exhibit dif-
ferent dynamical behaviors. And all these special cases can generate more complex
chaotic attractors by increasing the number of Hopf bifurcation points of (5).

4 Boundedness analysis

In general, a system is said to be chaotic if it possesses one positive Lyapunov ex-
ponent and is bounded. Numerical computation has shown that all above attractors
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Figure 15: The phase portraits of x(¢)-x(t — 71 )-x(t — 72), when 7; = 1 and 7, = 10.
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Figure 16: The phase portraits of x(¢)-x(+ — 71 )-x(f — 72), when 7| =2 and 7, = 4.
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have at least one positive Lyapunov exponent. In this section, we will study the
boundedness of (5) and obtain its boundedness conditions. Consider the following
general DDE:

x(t) =Ax(t) +Bx(t —r)+ f(x(2),x(t — 1)), (6)

where A, B and r are constants with » > 0, f is a nonlinear perturbation, and x is
scalar. Without the perturbation, (6) reduces to the linear homogeneous DDE,

x(t) = Ax(t) + Bx(t —r). (7
Lemma 1: Suppose that the function f is locally Lipchitz in both variables. Then

the solution x(7) = x(¢, ¢) of (6) with initial data x(¢) = ¢(¢) on [—r,0] is given by

X(t) = y(t) + /0 "X (0 —5) f(x(s),x(s — 1) )ds, ®)

where y(f) = y(¢,9) is the solution of the homogeneous equation (7) with initial
data y(t) = ¢(¢) on [—r,0] and X is the fundamental solution of (7), i.e., the solution
of (7) with initial data

0, —r<t<O,

W(t)_{ I, t=0.

Proof: By (8), we see that x(t) = y(t) = ¢(¢) on [—r,0]. By uniqueness, it suffices
to show that x(¢) given by (8) satisfies (6). In fact, by (8), we have

x(t)
= SO+ 0= 1)+ [ X9 (x5, x(5 7))
= Ay(t) +By(t —r)+ f(x(t),x(t — 1))

+ /0 AX (1 —5) + BX(t — 5 — )] £ (x(s), (s — ) )ds

= ABO)+ [ XG=9f(x(5)x(s— )

B[yt —r)+ /0 X (= s — 1) f(x(s),x(s — 1))ds]
Ax(t) + Bx(t —r) + f(x(t),x(t — 1)),

where X(t —s—r) =0fors € (t—r, 1]isused. The proof is complete.

Define the characteristic equation of system (7) as follows,

hA) Y A —A—Be . )

Let Re(A) designate the real part of 1.
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Lemma 2: For the homogeneous equation (7), if &y = max{Re(A) : h(1) =0}, then,
for any & > &, there is a constant k; = k; (&) such that the fundamental solution
X (1) satisfies the inequality

X(1)| < ke, t>0. (10)

The detailed proof can be found in Theorem 5.2 of Chapter 1 in [36].

Lemma 3: Suppose &y = max{Re(A) : h(1) =0} and x(¢) = x(z,¢) is the solution
of the homogeneous equation (7), which coincides with ¢ on the [—r,0]. Then, for
any & > &, there is a constant kp = ka2 (&, ¢) such that

Ix(1)] < ke, 1>0. (11)

The detailed proof can be found in Theorem 6.2 of Chapter 1 in [36].

Lemma 4: All roots of the equation (z+a)e* + b = 0, where a and b are real, have
negative real parts if and only if

a>-—1
a+b>0
b<{sin{ —acosl

where { is the root of { = —atan{,0< { < m,ifa#0and { =7/2ifa=0.
The detailed proof can be found in Theorem A.5 of Appendix in [36].

Theorem 1: For system (6), if the nonlinear perturbation is locally Lipschitz in both
variables, bounded, i.e., | f| < M(M > 0), and

Ar<1, (12)
A+B<0, (13)
—Br < {sin{ +Arcos(. (14)

where { is the root of { = Artan{,0< { < m,ifA#0and { = n/2if A =0, then
the solutions of system (6) are bounded.

Proof: By inequalities (11), (12), (13) and Lemma 4, all roots of the characteristic
equation A —A — Be™*" = 0 have negative real parts. So the conditions of Lemmas
2 and 3 are satisfied. Then, we have

()] <kie®', |X(1)] < kae®', t>0. (15)

where k; and k; are positive constants, € and &, are negative constants, y(z) is the
solution of (7) with the initial value ¢ and X (¢) is the fundamental solution of (7).
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Let x(¢) be the solution of (6). By Lemma 1, we obtain

0] < )+ [ Xa-s)lds

t
< kleslt—l—ng/ 2079 g
0
Mk
< ket + —2(e€2t -1
&
<k, t>0.

The proof is complete.

By letting A =0, B = —ab and r = 7 in (6), we have the following result.

Corollary 1: The solutions of system (1) are bounded, for arbitrary ¢ and d, provid-
ed that
0<abt<m/2. (16)

Corollary 2: The solutions of system 5 are bounded, for arbitrary ¢, d and 1,
provided that

abyt < 1, 17
abyg+ab; <0, (18)
—ab11 < {sin +abytcos{. (19)

where { is the root of { = abgtitan{,0 < § < m,ifaby #0and { = 7/2 if aby = 0.
Proof: It follows from Theorem 1 by letting A = aby, B = ab; and r = 1.
Corollary 3: 1f by = 0, the solutions of system (5) which turns into the famous Ikeda
Equation are bounded, for arbitrary ¢ and d, provided that

abg < 0. (20)

Proof: 1t follows from Corollary 2 with by = 0. Actually, condition (20) implies
conditions (17) and (18) when b = 0. Moreover, aby < 0 implies { € (5, x), and
then condition (19) is always satisfied as
abo Ty sin? § +abyt cos? ¢

cos§

{sing +aboticos§ =

abo‘L’l T
- 0 Z ).
cos{ e CG(Z’E)

5 Circuit implement

A possible electronic circuit to realize (1) is shown in Fig. 17. This circuit main-
ly consists of a tunable delay unit, a sine function, three gain controllers and an
integrating circuit, which comprises resistors, capacitors and op-amps.
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S @

Figure 17: The electronic circuit to realize the new attractors.

The tunable delay unit employed here can be realized using an artificial delay
line [30]. A commercial trigonometric function chip AD639 is chosen to work as
sine function whose details can be found in [38-39]. Three gain controllers are de-
signed to control the corresponding system parameters a, b, ¢, respectively, as shown
in Fig. 18.

R4
R1 l

7
V., R3

14

out

Figure 18: Circuit for gain controllers.

6 Conclusion

We have constructed a family of novel chaotic and hyperchaotic attractors from
DDE and analyzed their chaotic dynamics. A systematical method to generalize
the new chaotic system to complex chaotic and hyperchaotic attractors has been
developed. Furthermore, a general DDE has been discussed and various chaotic
behaviors have been simulated under different-sign system parameters. Bounded-
ness of solutions has been studied and some sufficient conditions for boundedness
have been obtained. Finally, a possible circuit framework is designed to realize
these new attractors. To further develop its application to secure communication
in reality, there is an outstanding issue needed to be solved in an urgent manner,
synchronization of new chaotic systems. In future work, we will study its synchro-
nization criteria and explore various feasible secure communication schemes based
on it.
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